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I. INTRODUCTION 



Algebraic methods are of great importance in a soliton equations theory (see^ - — ). In 
particular, they make possible to omit analytical difficulties that arise in the investigation 
of corresponding direct and inverse scattering problems for nonlinear equations. One of 
the important objects arising from algebraic approach in the soliton theory is scalar and 
matrix hierarchies for nonlinear integrable systems of Kadomtsev-Petviashvili type (KP 
hierarchy}^—. 

The KP hierarchy and its generalizations play an important role in mathematical physics. 
One of such generalizations is the so-called "KP equation with self-consistent sources" (KP- 
SCS), discovered by Melnikov^r— . In^~— , k-symmetry constraints of the KP hierarchy 
(k-cKP hierarchy) which have connections with KPSCS were investigated. k-cKP hierarchy 
contains physically relevant systems like the nonlinear Schrodinger equation, the Yajima- 
Oikawa system, a generalization of the Boussinesq equation, and the Melnikov system. Mul- 
ticomponent k-constraints of the KP hierarchy were introduced in 23 and investigated 

The modified k-constrained KP (k-cmKP) hierarchy was proposed fn^i'i&^i It contains, 
for example, the vector Chen-Lee-Liu and the modified KdV (mKdV) equation. Multi- 
component versions of the Kundu-Eckhaus and Gerdjikov-Ivanov equations were also ob- 
tained in 30 , via gauge transformations of the k-cKP, respectively the k-cmKP hierarchy. 
Moreover, in 3 ^ 3 - 3 -, (2+l)-dimensional extensions of the k-cKP hierarchy were introduced and 
dressing methods via differential transformations were investigated. Some systems of this 
hierarchy were investigated via binary Darboux transformations This hierarchy was 

also rediscovered recently in 3 ^^. 

In this paper our aim was to generalize (l+l)-dimensional matrix k-constrained KP 
hierarchy to the case of two integro-differential operators. As a result we obtain a new 
bidirectional (one of the operators in obtained hierarchy depends on two indices k and I) 
generalization of (l+l)-dimensional matrix k-constrained KP hierarchy that we will call 
(l+l)-BDk-cKP hierarchy (see formulae (fl^j) ). 

This work is organized as follows. In Section 2 we present a short survey of results on 
constraints for KP hierarchies. In Section 3 we introduce a new (l+l)-BDk-cKP hierarchy. 
Members of the obtained hierarchy are also listed there. (l+l)-BDk-cKP hierarchy contains 
matrix generalizations of stationary Davey-Stewartson hierarchy, new stationary Yajima- 
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Oikawa and Melnikov hierarchies. In Section 4 we consider dressing via binary Darboux 
transformation for the (l+l)-BDk-cKP hierarchy. As an example we consider construction 
of solutions for the matrix generalization of stationary DS system that was considered in 
Section 3. In the final section, Conclusions we discuss the obtained results and mention 
problems for further investigations. We also present an equation obtained from (l+l)-BDk- 
cKP hierarchy that generalize vector nonlinear Schrodinger system (the Manakov system). 



II. ^-CONSTRAINED KP HIERARCHY AND ITS EXTENSIONS 

To make this paper self-contained, we briefly introduce the KP hierarchy 1 and its multi- 
component k-symmetry constraints (k-cKP hierarchy). A Lax representation of the KP 
hierarchy is given by 

L tn = [B n ,L], n>l, (1) 

where L = D + U\D^ 1 + U2D ~ 2 + . . . is a scalar pseudodifferential operator, t\ := x, D := J^, 
and B n := (L n ) + := (L n )> = D n + Y^Zq u iD % is the differential operator part of L n . The 
consistency condition (zero-curvature equations), arising from the commutativity of flows 
(CE]), is are 

B n ,t k — B k j n + [B n , B k ] = 0. (2) 

Let B T n denote the formal transpose of B n , i.e. B T n := (— l) n D n + ^™T 2 (— l) 4 D*ti7, where 
T denotes the matrix transpose. We will use curly brackets to denote the action of an 
operator on a function whereas, for example, B n q means the composition of the operator 
B n and the operator of multiplication by the function q. The following formula holds for 
B n q and B n {q}: B n {q} = B n q — (B n q) >Q . In the case k = 2, n = 3 formula ([2]) presents 
a Lax pair for the Kadomtsev-Petviahvili equation 38 . Its Lax pair was obtained in 3 ^ (see 
alsc 2 ). 

The multicomponent k-constraints of the KP hierarchy is given by 23 

L tn = [B n ,L], 

with the k-symmetry reduction 

m m 

L k := L k = B k + Y,Y. V* m v D ~ lr i = B k + qMoD- 1 ^, (4) 

i=i j=i 
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(3) 



where q = (qi, . . . ,q m ) and r = (ri,...,r m ) are vector functions, Aio = (my)^- =1 is a 
constant mxm matrix. In the scalar case (m = 1) we obtain k-constrained KP hierarchy^ - —. 
The hierarchy given by (J3])- ([3D admits the Lax representation (here k G N is fixed): 

[L k ,M n ] = 0, L k = B k + qMoD- 1 ^ , M n = d tn -B n . (5) 

Lax equation ^ is equivalent to the following system: 

[L k , M n ]> = 0, M„{q} = 0, M T n {v} = 0. (6) 

Below we will also use the formal adjoint B* := B T n = (-l) n D n + E^M^X of B m 
where * denotes the Hermitian conjugation (complex conjugation and transpose). 

For k = 1, the hierarchy given by (jEJ) is a multi-component generalization of the AKNS 
hierarchy. For k = 2 and k — 3, one obtains vector generalizations of the Yajima-Oikawa 
and Melnikov^ 1 ^ hierarchies, respectively. 

InZL^HM.^ a k-constrained modified KP (k-cmKP) hierarchy was introduced and investi- 
gated. It contains vector generalizations of the Chen-Lee-Liu, the modified multi-component 
Yajima-Oikawa and Melnikov hierarchies. 

An essential extension of the k-cKP hierarchy is its (2+l)-dimensional generalization 
introduced in^ 1 ^ and rediscovered in^ 1 ^. 

III. A NEW BIDIRECTIONAL EXTENSION OF (l+l)-DIMENSIONAL 
K-CONSTRAINED KP ((1+1)-BDK-CKP) HIERARCHY 

In this section we introduce a new generalization of the (l+l)-dimensional k-constrained 
KP hierarchy given by ([5]) to the case of two integro-differential operators. One of them 
(the operator (fT4")) generalizes the corresponding operator L k ([5]) and depends on two 
independent indices I and k. It leads to generalization of (l+l)-dimensional k-cKP hierarchy 
([5]) in additional direction / (/ = 1,2, . . .). For further purposes we will use the following 
well-known formulae for integral operator hiD~ l h>2 constructed by matrix-valued functions 
hi and h 2 and the differential operator A with matrix-valued coefficients in the algebra of 
pseudodifferential operators: 

Ah{D~ l h 2 = (A/i 1 p- 1 / i2 )> + Aih^V^h, (7) 
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h 1 V~ 1 h 2 A = (hiD-^A)^ + h 1 V- 1 [A T {hZ}] T , (8) 
h 1 V- 1 h 2 h 3 V- 1 h 4 = h 1 D- 1 {h 2 h 3 }V~ 1 h 4 - h{D- x D- x {h 2 hz\h±. (9) 
It is known that the Matrix KP hierarchy can be formulated by a pseudodifferential operator: 

W = I + w l D + w 2 D 2 + ... (10) 

with N x iV-matrix-valued coefficients Wi. Consider the differential operators J k D k and 
®ndt n — J n D n , a n G C, n,k G N, where J k and J n are N x N commuting matrices (i.e., 
[J n ,Jk\ =0). It is evident that the dressed operators: 

L k := WJ k D k W~ x = J k D k + u k ^D k ~ l + . . . + u + u^D' 1 + . . . , (11) 

and 

M n := W(a n d tn - J n D n )W- 1 = a n d tn - J n D n - ^-iD"- 1 + . . . + v + v^D' 1 + ..., (12) 

with N x iV-matrix coefficients Ui and Vj commute: [L k ,M n ] = 0. We shall impose the 
following reduction on operators L k and M n : 

i 

(L k ) <0 :=(L ktl ) <0 =c l J2^[j]M D- 1 T T [l-j], (M n ) <0 = - 1 qM D- 1 r T , 7 , c\ G C, (13) 

i=o 

where q and r are N xm matrix functions; q[j] and r[j] are matrix functions of the following 
form: q[j] := (M B )''{q>, r T [j] := ((Jl£)''{r}) T . 

As a result we obtain the following bi-directional k-cKP hierarchy: 

L fci , = B k + c l Y! j=0 q.\j}M D- 1 r T [l - j],B k = J k D k + ^JlJ i^', Wj = i n ), Z = 0, . . . 
M n = a n d tn -A n - ^MoD- 1 ^, A n = J n D n + J™Io v i D ^ v * = < x > O. «n e C, 

(14) 

where -u,- and t>j, are N x N matrix functions. 

The following theorem holds. 
Theorem 1. The Lax equation [L k j,M n ] = is equivalent to the system: 

[L k , h M„]> = 0, 7 ^{q} + Q(M n ) m {q} = 0, jL^r} + Cl {Ml) l+1 {v} = 0. (15) 

Proof. From the equality [L kt i,M n ] = [L k j, M n ]>o + [L kt i, M n } <0 we obtain that the Lax 
equation [L k j, M n ] = is equivalent to the following one: 

{L kil ,M n ]> = 0, [L fciI ,M n ] <0 = 0. (16) 
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Thus, it is sufficient to prove that [L^, M n ]<o = -<=>- 7 Lfc^{q} + c;(M n )' +1 {q} = 0, 
7_L£ ^{r} + c;(M^) /+1 {r} = 0. Using bi-linearity of the commutator and explicit form fll4p of 
operators L^j and M n we obtain: 

[L k , h M n ) <0 = +c l J2 l j=0 HjWoD- 1 r T [l - j},a n d tn - A n ] <0 - 

After direct computations of each of the three summands on the right-hand side of formula 
(TTT|) we obtain: 

1. 

C l J2 l j =ol ( llj} M D ' lrT l l ~ J]> a nd tn - A n ) <0 = - Cl Y! j=0 {0t n <lt n \j) - An{<l[j)}) ' 

■MoD-^ii - j] - q E ^qbl-^o^- 1 (« n r7J - i] + ^{r T [/ - j]}) ■ 

(18) 

Equality f)18p is a consequence of formulae ([7|)-(jHJ). 

2. 

7Q E^o^o^- 1 ^, qljjMvD-^ll - j]] <0 = 7 q £j=o qMo^H^qbDx 
xA^oD-^l/ - j] - 7 qEi=o c l- M o jD_lD "Hr T q[j]}Mor T [Z - j]+ 

(19) 

-7Q Ej=o qbl-Mo^-H^f/ - j]q}^ 0J D- 1 r T + 
Formula f fT9j) follows from 

3. 

-[£?,, 7 q.M 0J D- 1 r T ] <0 = --fB^qlMoD- 1 ^ + 7 qA4 ^ 1 (#£W) T ) • ( 20 ) 
The latter equality is obtained via ©-(JH]). 

From formulae (Tr7j) - (l2T)j) we have 

[L k>l ,M n ) <0 = ci (pj^mMoD^MMl- j}} - Y! ]= oMnH]\}M,D-^\l - jty- 
-^{qlMoD- 1 ^ + 7 q>l D- 1 (L^{r}) T = c, J2) =Q ^M.D^ [I - j + 1]- 
-d E5=o q[i + ll-Mo^" 1 ^ - j] - 7 L M {q}^ 0J D- 1 r T + TqAio^- 1 ^^} 1 = 
= -( 7 L fc) , + diMnY+^djMoD-^ + qA^" 1 ^* , + Q(M;)' +1 ){r}) T . 

(21) 

From the last equality we obtain the equivalence of the equation [L^, M n j] = and (TT5j) . 

□ 
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New hierarchy (I14p includes Matrix k-constrained KP-hierarchy (7 = 0, 1 = 0). 
The following corollary immediately follows from Theorem [1] 

Corollary 1. The Lax equation [L k i,M n ] = 0, where 

L K i = jL k>l + ci(M n ) l+1 (22) 

and the operators L k j and M n are defined by 0^ ), is equivalent to the system: 

[L k) i, M n ]> = 0, L k)l {q} = 0, L T k>l {r} = 0. (23) 

The BDk-cKP hierarchy (Il4p admits an essential generaliation: 

P k ,s = B k + EUo^U^^D-^ll-j], 

B k = J k D k + J2 k jZi UjDi , u 3 = Uj (x,t n ),l = 0,... (24) 
M n = a n d tn -An- ^M Q D- l v T , A n = J n D n + Vl = Vi (x, t n ),a n e C, 

Corollary 2. Lax equation [P k)S ,M n ] = is equivalent to the system: 

s s 

[P k , s ,M n }=0, ( 7 P k , s + J2^Mn) l+1 ){q} = 0, ( 7j P fc T , s + E c '( M ") m )W = - ( 25 ) 

1=0 1=0 

We do not tend to consider precisely the case 7 = in the hierarchy (j!4p in this paper. 
Thus, without loss of generality we put 7=1. 

For further convenience we will consider the Lax pairs consisting of the operators L k> i f l22|) 
and M n ( JT4|) (the operator L^i is involved in equations for functions q and r; see formulae 
(I23p ). Consider examples of equations given by operators L k j f l22|) and M n (fT4"j) that can 
be obtained under certain choice of (k, n, I). For simplicity we will also introduce notations: 
t := to, a := a®. 



1. k = 2, I = 1, n = 0. In this case we obtain the following Lax pair in (fT4"]) : 

L 2 ,i = L 2A + Ci(M ) 2 = D 2 + v + Cl a 2 d 2 t - 2c 1 aqM D- 1 d t r T , c G C, 
M = ad t - qMoD- 1 ^. 

The commutator equation [L 2i i,M ] = is equivalent to the system: 



(26) 



qxx + Ci« 2 q ti + w q + CxqMoS = 0, 

r1 x + Cl a 2 rJ t + r T v + Cl SM r T = 0, (27) 
av ot = -2(qAV T )x, S x = -2a(r T q) 4 . 



Equation (127)1 and its integro-differential Lax representation in (2+l)-dimensional case 
was investigated in^°. Consider additional reductions of pair of the operators L 2j i and 
M (EHD and system Q27J). After the reduction c 1 6l,«eR,r T = q*, M = M* , the 
operators L 21 and M are Hermitian and skew- Hermit ian respectively, and (1271) takes 
the form 

qxx + cia 2 q tt + v q + Ciq.MoS' = 0, 

(28) 

av ot = -2(qM q*) x , S x = -2a(q*q) t . 

Let us consider (l28p in the case where a — 1, u := q and := M are scalars. Then 
(1281 can be rewritten as 



«b + cxUtt + + /UCiS'm = 0, v 0>t = -2/i(\u\ 2 ) x , S x = -2(\u\ 2 ) t . (29) 
As a consequence of ( 12"9~|) we obtain 

u xx + ciuu + iiS x u = 0, S'i,^ = -2(|«| 2 ) :r:r - 2ci(|7x| 2 ) £t , (30) 

where Si = [i~ 1 vq + ciS*. This is the well-known stationary Davey-Stewartson system 
(DS-I) and (I28p is therefore a matrix (noncommutative) generalization. The interest 
in noncommutative versions of DS systems and some other noncommutative nonlinear 
equations (in particular, solution generating technique) has also arisen recently 

2. k = 2, I = 2, n = 

L 2 ,2 = £2,2 + c 2 (M ) 3 = c 2 a 3 d? + D 2 + v - ^c^M^D^r] 
+3ac 2 qMod t D- 1 r T qMoD- 1 r T - 3ac 2 qM D- 1 {r 1 q^o^r 7 



Sc^dtqMoD-^d, 



(31) 



1„T 



In the vector case (m = 1) after setting /i := .Mo € C, a = 1 the commutator equation 
[L2 2, Mq] = is equivalent to the system: 

-<ixx - c 2 q U t ~ v q + 3c 2 //(qSi)i - 3c 2/ uqS' 2 = 0, 

-rj x - c 2 rj tt - r T v + 3c 2 //SirJ + 3c 2/ uS2r T = 0, (32) 

v ot = -2/i(qr T ) x , S lx = (r T q) t , S 2x = (rjq) t . 

Thus, equation given by commutator [L 2 ,2> Mo] = generalizes (132]) to the matrix case 
but we do not present it because of its rather complicated structure. 
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3. k = 3,1 = 1, n = 0. 

In this case the operator L 3) i has the form: 

L 3 ,i = L 3;1 - c^Mq) 2 = D 3 + v x D + v + Cl a 2 <9 2 - 2c 1 aq7W OJ D- 1 r7- 
-2 Cl aqM D- l r T d t , (33) 
M = a<9 t - qA4 D _1 r T . 



In the vector case (iV = 1) the equation [X3.1, Mo] = is equivalent to the system: 
q X xx + c x a 2 q tt + v iq x + v q + ciq.MoSi = 0, 

-vl xx + Cl a 2 rj t - (t t Vi) x + r T v + c x 5iM r T = 0, (34) 
av 0it = -3(q x M r T ) x , avi,t = -3(q.M T T ) x , S ix = -2a(r T q) 4 . 

4. k = 3,1 = 2,n = 0. 



Z 3i2 = D 3 + c 2 a 3 d 3 - V\D + v - 3a 2 c 2 q t M D- 1 rJ 

+3ac 2 qM Q d t D- l r T ^MqD^y 1 - 3ac 2 qM D~ 1 {r T q} t M D- 1 r T 

-3c 2 a 2 d t qM D- l r T d u 
-i. 



(35) 



M = ad t - qMoD^r ' . 

The Lax equation [£3,2, Mq] = results in the (l+l)-dimensional matrix mKdV-type 
system that has rather complicated form. For this reason we will consider only some 
special cases of it (matrix generalization of (2+l)-dimensional mKdV system and its 
Lax representation can be found in^): 

(a) Consider the scalar case of the pair (135]) (i.e., N = m = 1), setting R 3 \i := M.q, 
q(x,t) := q(x,t), r{x,t) := r(x,t) and a = 1. Under additional Hermitian 
conjugation reduction: c 2 G R, r = q, Lax equation [L 3 ^ 2 ,M ] = is equivalent 
to the equation: 

qxxx + c 2 q ta - 3fxq x J \q\ 2 x dt - 3c 2 fiq t J \q\ 2 t dx - 
-3c 2 fiq J (qq t ) t dx - 3fiq J (q x q) x dt = 0. (36) 
after setting t = x, q = q and c 2 = — 2 (136]) takes the form 



q X xx - 6/i<? q x = 0, (37) 



which is the stationary mKdV equation. The system (136|) is its complex spatially 
two-dimensional generalization. 

(b) Consider the scalar case (N — 1, m — 1) of the Lax pair given by (1351) under 
additional reduction f3 = 1, fi := Ai Q = 1, r:=r = v with a constant z^G K. In 
terms of u := qis Lax equation [1/3,2, Mo] = is equivalent to the following one: 

u xxx + c 2 u t tt - 3D | (^J u x dt^j n j - 3c 2 d t jit u t dx^ j = 0, (38) 

which is the stationary case of Nizhnik equation 45 . 

IV. DRESSING METHODS FOR THE NEW BIDIRECTIONAL 
(l+l)-DIMENSIONAL K-CONSTRAINED KP HIERARCHY 

In this section our aim is to consider hierarchy of equations given by the Lax pair (T141) 
in case 7=1. We suppose that the operators L^i and M n in (fLT|) satisfy the commutator 
equation [Lj-j, M n ] = 0. At first we recall some results from 4 ^. Let N x K- matrix functions 
ip and ip be solutions of linear problems: 

M„M = <pA, M^} = ipA, A, A G Mat KxK (C). (39) 

Introduce binary Darboux transformation (BDT) in the following way: 

W = I-(p(C + D- 1 {i(j T <p}y 1 D- 1 ilj T 1 (40) 

where C is a K x .^-constant nondegenerate matrix. The inverse operator W~ l has the 
form: 

W- 1 = 1+ tpD- 1 (C + D- 1 {ij T ip}y 1 ijj T . (41) 
The following theorem is proven in 4 ^. 

Theorem 2. 46 The operator M n := WM n W~ l obtained from M n in (LQ) via BDT (g^j has 
the form 

n-l 

M n := \VMnW~ 1 = QA-4-W _1 r T + $Aii^V, A n = J n D n + Y,VjD j , (42) 

j=0 

where 

Mi = CA- A T C, $ = ipA" 1 , ^ = ^A~ 1,T , A = C + ZT^V}, ^ 
q= M/{q}, f = W-^ T {r}. 
Vj are N x N -matrix coefficients depending on functions ip, ip and Vj. 
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Exact forms of all coefficients Vj are given in^. 
The following corollary follows from Theorem [2j 

Corollary 3. The functions $ = ipA^ 1 = W^C' 1 and * = ipA' 1 ^ = W~ X > T {vfiC 1 ~ x 
satisfy the equations 

M n {$} = &CAC- 1 , M T n {^} = yC T AC T >-\ (44) 
For further purposes we will need the following lemmas. 
Lemma 1. Let Mi+i be a matrix of the form 

Mi+x = CA l+1 - (A T ) l+1 C, I e N. (45) 
The following formula holds: 

l 

M m = CA'C^M^-^A 1 ) 1 -^. (46) 

s=0 

Proof. The following recurrent formulae that can easily be checked by direct calculation: 

M 2 = CAC- 1 M 1 + M 1 CA T C-\ (47) 

M i+1 = CAC^Mi + MiC^A^C - CKC^Mi-xC^UC. (48) 
Using formulae (|47p - (l48p and induction by k we can prove that the following formula holds: 

k k 

Mi +l =^CA s C- 1 M^ k+l C-\A T ) k -V-^CA s C- 1 M l ^ k C-\A T ) k - s+1 C 1 k< 1-2, (49) 

s=0 s=l 

for some k < I — 2. After the substitution of k = I — 2 in (14"9"]) and using ( I47p we can obtain 
formula f l4"6"|) . This finishes the proof of formula f l4"6"|) and Lemma 1. 

□ 

Lemma 2. The following formula 

i 

§Mi +l D-H T = ^MiD-^ll - a], (50) 

s=0 

holds, where 

$[i] := (M n ) J {<&}, m := (K) j m. (51) 
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Proof. Lemma 2 is a consequence of Corollary 1 and formula (H6|) of Lemma 1. Namely, the 

following relations hold: 

i i 
<$>Mi+iD- l ^! T = ^<$>Ck s C- l M 1 C- l D-\X l ) l - s C^ T = J2$[s]M 1 D- 1 y T ll - s]. 

s=0 s=0 

□ 

Now we assume that the functions if and if) in addition to equations ( 139|) satisfy the 
equations: 

L kfl {<p} = -c lV A l+1 = - Ci Mf{^}, LluM = -c^~A l+1 = -q(M;) /+1 {^}. (52) 
Problems ( 1521) can be rewritten via the operator L k j ( 1221) as: 

4M = 0, ^W = 0. (53) 
The following theorem for the operators L^i (fT^|) and (122]) holds: 

Theorem 3. Let N x K -matrix functions (p, ip be solutions of problems ( TffPj) and ( f5^l) . The 
transformed operator L k j := W L k ^W~ l obtained via BDT W ( fjQ| ) /ias £/ie form: 

Lk,i := ^LyW 1 = 4 + c l J2 l J=0 q[j]M D- 1 r' T [l~j] + 

where the matrix Ai n and the functions q, r, ^[Z — s] are defined by formulae ^B^ , 

/ f37]) and q[j], r[j] have the form 

q[j] = (Mii){q}, r[j] = (M^r}, (55) 

Vi are N x N -matrix coefficients that depend on the functions ip, if) and Vi. The transformed 
operator L k j = WLkjW" 1 has the form: 

L kjl = WL^W- 1 = L Kl + Cl (M n y + \ (56) 

where M n is given by ffify - 

Proof. We shall rewrite the operator L^i (fl^|) in the form 

k-i 

L k ,i = J k D k + + ciqMoD- 1 ^, (57) 



i=0 
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where A4q is an m(l+l) x m(/ + l)- block-diagonal matrix with entries of A4q at the diagonal; 
q := (q[0], q[l], . . . , q[/]), r := (r[Z], r[l — 1], . . . , r[0]). Using Theorem |2] we obtain that 

fc-i 

Lk,i = J k D k + ^ UiD i + c^MoD- 1 ^ + ^M l+1 D-^ T , (58) 

i=0 

where q = VF{q}, q = W~ 1,r {r}. Using the exact form of q and f we have 

4 = W {q\ = {W{q[0}}, W{q[l)}), i = W^r} = (W^ {r[l\} , {r[0]» . 

(59) 

We observe that 

W{q[i}} = WL'{q} = WVW^iWiq}} = L*{q} =: q[i]. (60) 

It can be shown analogously that Vy _1 ' r {r[i]} = L T ' l {W~ 1 ' T {r}} = L T ' l {r} =: r[i]. Thus we 
have: 

l 

qMoD' 1 ^ = J2^[j]M D- 1 r T [l-j}. (61) 

3=0 

For the last item in (158]) from Lemma 2 we have: 

l 

^Mi+iD- 1 ^ = ^[slMiD- 1 ^^ - s}. (62) 

s=0 

Using formulae (|58|) . (16 (162]) we obtain that the operator M n j has form (|54|) . The exact 
form of the operator M n ^ follows from formula ( I54p and Theorem [2J □ 

From Theorem [3] we obtain the following corollary. 

Corollary 4. Assume that functions ip and ip satisfy problems / f5^) and / T5^j) . Then the 
functions $ = W{ip}C~ 1 and^> = W~ 1,T {ip}C T ~ Y (see formulae fijcfy) satisfy the equations: 

L k!l {®} = L k>l {$} + Cl {M n ) l+l m = 0, = Ll^} + Cl (M:) l+1 m = 0, (63) 

where the operators L^i, L k) i and M n are defined by fjJfy , (54\ ) and l[5b}) . 

As an example we will consider dressing methods for equations connected with the oper- 
ators 1/2,1) Mq. Assume that ip and if) are N x K-matrix functions that satisfy the equations 

M M = <pA, M T {^} = ipA, M := ad t . (64) 
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By Theorem [2] we obtain that the dressed operator M via BDT W (|40|) has the form 

M = WMqW- 1 = adt + ^MxD- 1 ^ . (65) 

Assume that A x A-matrix functions (p and tp in addition to equations (l64"j) also satisfy the 
equations 

£ 2 ,iM = -ci<M 2 = -ci(M ) 2 {^}, L T 2A {tP} = - Ci i(jA 2 = - Cl (M T ) 2 {V>}, L 2)1 := D 2 . (66) 

By Theorem [3] we obtain that the transformed operator Z/2,1 has the form 

L 2>1 = WA^iy" 1 = £> 2 + t) + M Q {<$>}MiD~ 1 ^ + SA^D-^M^tf }) T . (67) 

By direct calculations it can be obtained that v = 2(^A~V T )x, A = C + D~ l {ip T (p}. It 
can be easily checked that 

a(ipA~ 1 ^ T ) t = av9iA~V T - a^A~ 1 .D~ 1 {^' 1 V} t A~ : V T + a^A"Vt T = 

= tpA- l {CA + aD- 1 {ip T (p t })A- 1 ip r - a^A^D- 1 ^ 1 ^} t A^ J + (68) 

+^A- 1 (-A T C + aD- 1 {^ T ^})A~V T = $Mi^ T . 
From the latter formula we obtain that 

avot = 2«((^A"V T )^ = 2($M 1 ^ T ) X . (69) 

From Corollary H] we see that the functions $ = ipA" 1 and \l/= ^A T,_1 where A = C + 
Z^ _1 {'?/' T V 3 } ( see formulae (j43p ) satisfy equations ( I63p . After the change q := $, r := 
A^o := — A4i, fo := So from formulae (163 p and ( 16"9~j) we obtain that A x A-matrix functions 
q, r, an N x A-matrix function vq, a A x A-matrix function 5 = 2a(A~ 1 ) t and a A x A- 
matrix Aio satisfy equations ( 127]) . It can be checked that in the case of additional reductions 
in formulae (l64"]) - fl66]) : a G R, Cj G R, A = —A, ip — (p and C = C* in gauge transformation 
operator W (1401 it can be checked by direct calculations that the functions q := Si = 
2a(A~ 1 ) t and v = v = 2(ipA~ 1 (p*) x satisfy matrix DS system (1271) with M = —Mi. 

From the previous considerations we obtain that in the scalar case (A = 1, m = 1), 
fx := M.q = —Ail = —C(A + A) under condition a = 1 functions 

exp(fl) q o Re(A)exp(2Re(fl)) Refl^cTA) exp(2Re(fl)) 
" = 9 = — ' S = ^ Re(i A /cTA)A 2 ' "° = ~ 2/i ReW^ ' (?0) 
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where A = — 2R ^ A ^ + 2R C (i^rA) exp (2Re(#)) and 6 = i^/clkx + At, satisfy the scalar DS 
system ([29} (see also ([50]) ): 

« ra + CiUu + VqU + jlCxSu = 0, ^ 

•u t = -2fi\u\l, S x = -2\u\ 2 . 
Functions u and S\ = ^ 1 v$ + C\S are therefore solutions of differential consequence ( ITTj) : 

w xx + citttt + ^S x w = 0, S 1>xt = -2(\u\ 2 ) xx - 2c 1 (\u\ 2 ) ttl (72) 
Consider special cases of ( 1721) and its solutions: 

1. Ci = 1. 

(a) /i = 1. In this case functions u and Si = /i _1 vo + ciS, where Uo and Si are defined 
by (ITDj) represent regular solutions of (|72|) in case (Re(A))(Im(A)) > (in case 
(Re(A))(Im(A)) <0u and Si are singular) 

(b) \i = —1. In this case functions u and Si = /i _1 fo + C\S, where v and Si are 
defined by (1701) represent regular solutions of (172|) in case (Re(A))(Im(A)) < (in 
case (Re(A))(Im(A)) > u and Si are singular) 

2. a = -1. 

(a) ii—l. In this case functions u and Si = yU _1 ^o + where Vq and Si are given 
by (1701) represent regular solutions of (1T2"|) . 

(b) \x = —1. In this case functions u and Si = /i _1 fo + CiS, where Vq and Si are 
defined by ( 1701) represent singular solutions of ( 1721) . 

The construction of wider classes of solutions (e.g., soliton solutions) for vector and matrix 
nonlinear systems from (l+l)-BDk-cKP hierarchy will take too much space in this paper. 
Corresponding ideas can be found in^iii&iZ. 

V. CONCLUSIONS 

In this paper we introduced a new (l+l)-BDk-cKP hierarchy (fT^|) that generalizes matrix 
k-constrained KP hierarchy given by ([3]) and (jlj) that was investigated in^~— . We shall point 
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that an important case of hierarchy ([14]) (7 = 0) is not precisely investigated in this paper. 
In particular, dressing methods for this case still have to be elaborated. As an example let 
us consider the case 7 = 0, k = 1, s = 1, n = 2 of hierarchy (TT4"|) . Then operators Pk )S and 
M n (JMj) take the form: 



Pi,! = D + ci (^cit.MoD- 1 ^ - a 2CL M«D- l rl - q^M^T 1 
-qMoD'h^ - uciM D- l r T - qMoD-^u) + c q>lo-D _1 r T , 



M 2 = a 2 d t2 -D 2 -u. 



According to Corollary 2 operator equation [Pl,i, M 2 ] = is equivalent to the system: 

[Pi.1, M 2 ]> = 0, Cl M 2 2 {q} + c M 2 {q} = 0, c x (JWJ) 2 {r} + CqM^f} = 0. (73) 

System f!73|) in the vector case (iV = 1) the can be rewritten in the following form: 

c x {a\q t2 t 2 - 2a 2 q xx t 2 + q xxxx - a 2 (uq) t2 + (uq) xx - a 2 uq t2 + uq xx + u 2 q) + 
+c (a 2 q t2 - q xx - uq) = 0, 

Ci{a\r t2t2 + 2a 2 r xxt2 + r xxxx + a 2 (ur) t2 + (ur) xx + a 2 ur t2 + ur xx + u 2 r) + (74) 

c (-a 2 r t2 - r xx - ur) = 0, (75) 

/ c 1 (a 2 q t2 M r T - a 2 qM rJ - q^A^o^ - qM rJ x ) + c qA^ r T \ 

u = 2 \ — — = 

V 1 + 4ciqA^ r T / 

This system is a generalization of the vector nonlinear Schrodinger system (NLS) in l- 
direction (I = 1). NLS can be obtained from the latter system in particular case (c\ = 0) 
after additional Hermitian conjugation reduction q = r, a 2 G zR. Analogous generalizations 
in /-direction can be made for Yajima-Oikawa hierarchy {k = 2, s = 0, 7 = in the hierarchy 
(124]) ) and Melnikov hierarchy {k = 3, s = 0, 7 = in the hierarchy ( 124]) ). Investigations in 
this direction will be made in another paper. 
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